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AHHOTaL;Ha 

B flaHHoii pa6oTe mbi Hsynaeivi reoMeTpH^ecKHe CTpyKTypbi, csasaHHbie c reoflesH^ecKHMH 
TKanaMH rnnepnoBepxHOCTeii. Mbi noKaabisaeM, hto c Kaacfloii reoflesHHecKoii (n + 2)-TKaHbio 
rnnepnoBepxHOCTeii na n-MepnoM MHoroo6pa3HH ecTecTBeHHtiM o6pa30M CBasanbi eflHHCTBeH- 
Haa npoeKTHBHaa CTpyKTypa h, npn ycjiOBHH OTMe^eHHoro cjioeHna, — eflHHCTBeHHaa a(J)(J)HHHaa 
CTpyKTypa. DpoeKTHBHaa CTpyKTypa BtiflejiaeTca Tpe6oBaHHeM, HTo6bi cjioh Bcex cjioeHHii TKaHH 
6biJiH BnojiHe reofle3HHecKHMH, a acJjcJjHHHaa CTpyKTypa — flonojiHHTejibHbiM Tpe6oBaHHeM, HTo6bi 

OflHa H3 (J)yHKL(Hii TKaHH 6bIJia a4)(J)HHH0H. 

9th CTpyKTypbi H03BOJiaiOT OHpeflCJiHTb flH(J)(J)epeHii;HajibHbie nHBapnaHTbi reofle3HHecKHx 
TKaneft, a TaKace flaTb reoMCTpHHecKH Hpo3paHHbie OTBeTbi na KjiaccHHecKHe Bonpocbi TeopHH 
TKaneii, TaKne KaK npo6jieMa jiHHeapHsaifHH h TeopeMa FpoHBajiJia. 



1 BBe/i;eHHe 

B flaHHOH pa6oTe Mt.i HsynaeM reoMeTpn^ecKHe cxpyKTypbi, CBHsaHHbie 
c reoflesHMecKHMH TKaH5iMH rHnepnoBepxHOCTeii. Mbi noKasbiBaeM, mto c 
Ka:>KflOH reoflesHHecKOH (n + 2)-TKaHbio rnnepnoBepxHOCTeii Ha n-MepHOM 
MHoroo6pa3HH ecTecTBeHHbiM oGpasoM CBHsaHt.! eflHHCTBeHHafl npoeKTHB- 
Ha5i CTpyKTypa h, npn ycjiOBHH OTMeMeHHoro cjioeHH5i,— eflHHCTBeHHa5i 
a(|)(|)HHHa5i CTpyKTypa. IlpoeKTHBHafi CTpyKTypa BbiflejiaeTC5i Tpe6oBaHH- 

CM, MT06bI CJIOH BCeX CJIOeHHH TKaHH 6bIJIH BHOJIHC reOfleSHHCCKHMH, a 
a(J)(J)HHHa5I CTpyKTypa— flOHOJIHHTejIbHbIM TpeGoBaHHCM, HT06bI OflHa H3 
4)yHKn,HH TKaHH 6bIJia a4)4)HHHOH. 

9th CTpyKTypbi H03BOJI5IIOT OHpeflCJiHTb flH4)4)epeHLi,HajibHbie HHBapn- 
aHTbi reoflesHHCCKHx TKaneii, a TaK>Ke flaTb reoMCTpHHecKH npospanHbie 
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OTBeTbi Ha KjiaccHMecKHe Bonpocbi TeopHH TKaHeii, Taxne xax npo6jieMa 
jiHHeapH3aLi,HH H TeopeMa FpoHBajiJia. 

9Ta pa6oTa 5iBjifleTC5i HenocpeflCTBenHbiM npoflOJi^KenHeM pa6oT [I] , [2] , 
[3j aBTopoB no reoflesnnecKHM TKaH5iM Ha hjiockocth. B anajiorHnHbiH 
Bonpoc o cymecTBOBaHHH npoeKTHBHbix CTpyKTyp paccMOTpen flpyrHM Me- 

TOflOM, KOTOpblH, KaK BHineT CaM aBTOp, He 5IBJI5ieTC5I HHBapHaHTHblM. B 

flaHHoii pa6oTe b OTjinnne ot [2] mm HCHOjibsyeM 5i3biK flH4)4)epeHLi,Hajib- 

HblX 4)0pM, KOTOpblH H03BOJI5ieT SHa^HTejIbHO ynpocTHTb (j^opMyjibi H flaTb 

HBHbie Bbipa>KeHH5i fljifl HHBapHaHTOB reoflesHMecKOH TKann. 

2 Ac|D4)HHHI>ie CBa3HOCTH 

riycTb M = M"— rjiaflKoe MHorooGpasne pasMepnocTH n, V— a(|)4)HHHa5i 
CBflSHOCTb 6e3 KpyMeHHH B KOKacaTejibHOM paccjToeHHH T*M h d\/ — KOBapnaHTHbiH 
flH4)4)epeHH,Haji : 

ds7 : n\M) n\M) (g) n\M). 
9tot flH{J){J)epeHLi,Haji MO>KeT 6biTb HpeflCTaBjien b BH^e 

d\7 = (iy, 
rfle flH4)4)epeHH,Haji fle PaMa, a 

d'^ : n\M) S\n^){M) 
-CHMMeTpHnecKa5i nacTb flH4)4)epeHH,Hajia d\/. 

3 FeoflesHHecKHe cjioeHHa h npoeKTHBHbie CTpyKTypti 

Heo6pan],aK)n],a5iC5i b nyjib flH(J)(J)epeHLi,HajibHa5i l-4)opMa cu sa^aeT 
cjioeHHe KopasMepnocTH oflHH, ecjTH cu A dcu = 0. Cjioh SToro cjioenHH 
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6yflyT BnojiHe reoflesHMecKHMH b cb5I3hocth V Torfla h tojibko Torfla Korfla 

(cm. m) 

d'yuj = e- cj, (1) 

rfle ^— HeKOTopaa flH4)4)epeHLi,HajibHa5i l-4)opMa. 

Mbi HasbiBaeM 4)yHKLi,HK) / enoAue geodesunecKou b cbhshocth V, ecjiH 
ee noBepxHOCTH ypoBHa / = const . 5ibji5ik)tc5i BnojiHC reoflesHMecKHMH 

B CBflSHOCTH V, H 4)yHKLI,HIO / Mbl HaSblBaCM a(fi(^UHHOU B CB5I3HOCTH V, 

ecjiH 

df = 0. (2) 
PasMepHOCTb npocTpancTBa pemeHHH ypaBHCHHa ([2]) 6yfleM HasbiBaTb 

a(f)(f)UHHUM pamOM CB5I3H0CTH V. 

SaMCTHM, MTO a4)4)HHHbIH paHF CB5I3HOCTH V paBCH paSMCpHOCTH MHO- 

roo6pa3H5i M Torfla h tojibko Torfla, Korfla cbstshoctb V njiocxaii. 

^Bc CB5I3HOCTH V H V' npoeKmuGHO SKGueaAeHmHU Torfla h tojibko 
Torfla, Korfla ohh hmciot oflHH h tc reoflesHMCCKHe hjih (cm. |l10J) Kor^a 

d^{Lo) — dy,{u) = p • u 

flJI5I HCKOTOpOH l-4)0pMbI p H BCCX l-{|)OpM U) . BoJICC TOrO, COOTHOmCHHe 
([T]) nOKaSblBaCT, MTO npOCKTHBHO 9KBHBajieHTHbie CBflSHOCTH HMCIOT OflHH 

H TC >Ke BnojiHC reoflcsHMecKHe cjioeHH5i. 
4 TKaHH 

riofl d-mKaHhw KopasMepnocmu oduH mbi noHHMacM naGop d cjioenHft ko- 

paSMCpHOCTH OflHH Ha M, eCJIH CJIOCHHSI SaflaHbl flH(J)(J)epeHLI,HajIbHbIMH 

l-4)opMaMH (jji^i = 1, . . . , (i, H Ka>Kflbie n h3 hhx jiHHeftHO neaaBHCHMBi. 
Mbi o6o3HaMiiM ^epes < cJi, . . . , cj^i > Taxyio (i-TKanB. 
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JXjI^I SaflaHHOH CBHSHOCTH V mm rOBOpHM, MTO (i-TKaHb iIBJI5ieTC5I 260- 

desuHecKOU, ecjiH cjioh Bcex cjioenHii TKann 5ibji5iiotc5i Bnojine reoflesHne- 

CKHMH B CB5I3HOCTH V. 

Ha6opbi < cji, . . . , cj^i > H < Si cji, . . . , SrfCJrf > saflaiOT oflHy h Ty 
(i-TKanb, ecjiH si ^ 0, . . . , Sd ^ 0, r^e Si G C°°(M). 

riycTb 4)opMbi (jji, . . . ,ujii aaflaiOT (i-TKanb. Bbi6epeM n h3 hhx, CKa>KeM, 
cji, . . . , sa 6a3HC. Torfla 4)opMbi cj^, i > n + 1, b 6a3Hce cji, . . . , 
sanHLuyTCfl b cjieflyiomeM BHfle: 

a^iCJi H H flznCJ^ + cj, = 0, (3) 

rfle KoopflHHaTbi a^j ne o6paiii,aiOTCfl b hojib, a ain+2 mm b flajibHeftmeM fljiH 
npocTOTM o6o3HaMHM npocTO tti. Bbi6opoM MHOJKHTejiefi Si,i = 1, . . . ,n, 

M05KH0 fl06HTbC5I TOrO, MTO HMeCT MCCTO (|)OpMyjia 

a;i H ^ujn + uJn+1 = 0. (4) 

B flajibHeiimeM mm 6yfleM Hcnojib30BaTb HopMHpoBKH (j3]) H(j4]). Otmc- 

THM, MTO npH HOpMHpOBKaX ([31)0(111) (|)OpMbI CJi, . . . , CJ^, (^n+l, • • • , H 

Si cji, . . . , s„ a;„, s„+i cj^+i, . . . , SdCOd saflaiOT oflHy h Ty >Ke (i-TKaHb Torfla 
H TOjibKO Torfla, Korfla s = si = . . . s„ = s„+i = • • • = s^f, a tomkh 
a^*^ = [an : • • • : a^^] npoeKTHBHoro npocTpancTBa RP"~^ HBJiHiOTca HHBa- 
pnaHTaMH TxaHH. Mm Ha3biBaeM hx 6a3HCHbiMH (cm. [I]). 

5 FeoflesHHecKHe TKann 

H3 4)opMyjibi BbiTexaeT cjieflyiomnft pe3yjibTaT: 

TeopeMa 1. d-mnaHh < cJi , . . . , cj^f > 6yde'm zeodeaunecKou mozda u 
moAhKO mozda, Kozda 

dljUJ^ = 9^ ■ Ui, i = l,...,d, 
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Bam HeKomopux l-cf)opM 9i. 

Bt.i6epeM 6a3HC di, . . . ,dn BeKTopHbix nojieii, flBoiicTBeHHbiii Ko6a3Hcy 
. . . , uJn. uJi{dj) = 6ij. Torfla 

k 

flJI5I HCKOTOpblX 4)yHKLI,HH C^j G C°°(M) H 

k 

rfle rf^— CHMBOJibi KpHCTo4)4)eji5i BToporo pofla cbhshocth V. 
CnMMeTpHMHaa MacTb dy npHHHMaeT bha 

dU^') = -J2T^^u;^-uj\ (5) 

OTCiofla cjieflyeT, mto 

HccjieflyeM ycjiOBH5i nojiHoii reoflesHMHOCTH nepBbix n + 1 cjioeHHii Txa- 
HH. JXjisi cjioeHHH, onpeflejiHeMbix 4)opMaMH cji, . . . , a;„, 9th ycjiOBH5i hmc- 

K)T BHfl 

d^yU^ = 9^-Ui, i = l,...,n, 

rfle 

n 

= (7) 
CpaBHHBaH cooTHomeHHH (l5]) H (171), nojiy^aeM 



rfj + = 0, ecjTH i k m j k. 
Oxciofla H H3 cooTHomeHH5i(j6]) BbiTCKaiOT cjTeflyiomHe cooTHomeHHa Me>K- 



^ij = y , ecjiH ij^k m jj^k. (9) 

0603HaHHM HepeS Cr^j H aij CHMMeTpHHHyiO H KOCOCHMMeTpHHHyiO HaCTb 
MaTpHLI,bI (Oij), T.e. 



5 CKjj 



13 2 ' -"'^ 2 
H nojio^KHM = On. Torfla ycjiOBHe nojiHoii reoflesHHHOCTH (n + l)-ro 
cjioeHHfl nojiHOCTbK) onpeflejiaeT CHMMCTpHMecKyio MacTb ^^j, 

~\~ tj 

a TaK>Ke flaeT cjieflyiomee npeflCTaBjieHne flHcJjcJjepeHi^HajibHOH (jjopMbi 

n 



i=l 

YcjiOBHa nojiHoii reoflesHHHOCTH (n + 2)-ro cjioenHa nosBOJiaiOT onpe- 

flejIHTb KOCOCHMMeTpHHHyiO HaCTb aij-. 



rfle 



66^ (Jjj ^ / 



^ a,: 



i=l 



rfle aj^j-npoHSBOflHaa ot Bflojib di. 

OKOHHaTejIbHO, flH4){|)CpCIILI,HajIbHbie 4)0pMbI 9n+l: On+2 HMeiOT BHfl 



(^i = + ^ Sya;j, i = 1, 

i=l 



n, 
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OTCiofla BbiTeKaiOT cjieflyiomHe pesyjibTaTbi: 

TeopeMa 2. A(jj(jjuHHaM cenaHocmh 6e3 Kpynenusi, d.jiA Komopou (n + 2)- 
mKawb zunepnoeepxHocmeil MeAMemcM geodeauuecKou, sadaemcn (fiopma- 
Mu 9i, . . . euda 

n 

Oi = 0n+l + ^ S^jUj, (10) 
i=l 

a coomeemcmeyToinue cumboau Kpucmo^^eAM euHUCAMwmcM no (f)opMy- 
AaM (0) K (13). 

TeopeMa 3. Kaotcdaji {n + 2)-mKaH'b gunepnoeepxHocmeu onpedeAMem 
eduHcmeeHHyjo npoeKmueHyw cmpyKmypy, a umchho, kaqcc npoenmueHO 
SKeueaAeHuiHux cemHocmeu, onpedeAMeMux (fiopMauu ([73). 

YKasaHHyK) b TeopeMe eflHHCTBeHHyio npoeKTHBHyio CTpyxTypy Haao- 

BCM KaHOHUneCKOU. 

SaMCTHM, MTO fljiH J11060H reoflesHMecKOH (i-TKanH, r^e d > n + Kano- 
HHHecKHe npoeKTHBHbie CTpyKTypbi, onpeflejiaeMbie pasjiHHHbiMH (n + 2)- 
noflTKaHHMH, coBnaflaiOT. IloaTOMy b flajTbHeiinieM mm roBopHM o KanoHH- 
MecKOH npoeKTHBHOH CTpyKType reoflesHMecKoii (i-TKanH, d > n + 2. 

TKaHb c BbiflejieHHbiM cjioeHneM 6yfleM HasbmaTb omMeneHHoil. 

PaccMOTpHM OTMeMeHHyio (i-TKanb h npeflnojiojKHM, mto Bbiflejieno (n + 
l)-e cjioeHHe. Bbi6epeM nopMHpoBKy (jioKajibHo) TaKHM oGpasoM, mtoGm 

^n+l = df^ a a4)4)HHHyK) CBSSHOCTb TaK, MT06bI (|)opMa 9n+l = 0. 

Torfla flJIH 9T0H a(J)(J)HHHOH CB5I3HOCTH (|)yHKLI,H5I / 5IBJI5ieTC5I a(J)(J)HH- 

Hoft. Otmcthm, mto TaKafl (J)yHKLi,H5i / onpeflejiena c tomhoctbio flo acj)- 
4)HHHoro KajinGpoBOHHoro npeo6pa30BaHH5i f ^ af + h. 

TeopeMa 4. KaDtcdan oniMeueHHa^ (n + 2)-mKaH'b zunepnoeepxHocmeu 
onpedeAMem eduHcmeeHHyn) a(^(fiuHHyK) ceMSHOcmt, dAM Komopou rriKaHh 
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HeA^temcsi zeodesuHecKou, a eudeACHHoe CAoenue sadaemcsi acf)cf)UHHOu (f)yHK- 
v^ueu. 

yKaaaHHyio b TeopeMe eflHHCTBeHHyio a4)4)HHHyio CTpyxTypy mm TaK>Ke 
HaaoBeM KaHOHunecKou. 

6 YcjiOBHa reoflesHHHOCTH ci-TKaHH 

ripeflnOJIO^KHM, MTO Mbl y>Ke npOBejIH HOpMHpOBKH (Sj) H (j3]). PaCCMOTpHM 

cjioeHHe, saflaBaeMoe (|)opMOH cj, r^e 

UJ = hlUJi H h hn(jJn- 

9to cjioeHHe Bnojine reoflesHHHO b cbhshocth V, ecjiH 

c/ycj = 6 ■ to, 

HJIH 

OTCiofla BbiTexaeT cjieflyromnii peayjibTaT. 

TeopeMa 5. 06o3HaHUM nepes (a^) Ha6op 6a3UCHUx UHeapuanmoe, zde 
k = n + 2^ . . . ,d. Togda d-uiKawb sunepnoeepxHocmeu 6yde'm seodeaune- 
CKOU 6 moM u moAhKO moM CAynae, Kogda 

sf- = sf- Sam, ecex k,l = n + 2, . . . , d. 

7 JlHHeapHsyeMOCTb TKanefi 

HsBecTHO, HTO ecjiH dimM = 2, to Heo6xoflHMbiM h flocTaTOMHbiM ycjio- 
BHeM Toro, MTo6bi MHorooGpasHe M 6bijio hjiockhm, 5iBji5ieTCfl o6paiii,eHHe 
B Hyjib TCHSopa JlnyBHiijifl (cm. [5], [6] hjih [3]). Ecjih dimM > 2, 
TO Heo6xoflHMbiM H flocTaTOMHbiM ycjiOBHeM Toro, MTo6bi MHoroo6pa3He 
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6bijio njiocKHM, 5iBjifleTC5i oGpameHHe b nyjib Tenaopa BeftjiH (cm. [9]). 
OTCiofla H H3 pesyjibTaTOB pasflejia 4 BbiTexaeT cjieflyiomaii TeopeMa. 

TeopeMa 6. ([2j) 1. Ecau dimM = 2, mo d-mnaHh 2unepnoeepxHocmeu, 
d > A, AOKaAhHO AUHeapuayeua mosda u moAhKO mogda, Kogda ona hg- 
AMemcM zeodesuuecKoil, a mensop JIuyeuAAM KanoHUHecKou npoeKmuenou 
cmpyKmypu o6pamaemcji e uyAh. 

2. Ecau dimM > 2, mo d-mnauh npu d > n + 2 AonaAhuo Auneapu- 
syejvia mozda u moAhKO mozda, Kozda ona MOAMem cm zeodeauuecKou, a 
mcHsop BeuAH KaHOHunecKou npocKmuenou cmpyKmypu o6paiu^aemcn e 

HyAh. 

8 TeopeMbi Tnna FpoHBajiJia 

Ha TeopeMbi [3] BbiTCKaeT cjieflyiomaa TeopeMa THna FpoHBajiJia (cm. h 
[2] flJi5in = 2). 

TeopeMa 7. JlK)6oe omo6paDiceHue seodesunecKou d-mnanu zunepnoeepx- 
Hocmeu npu d > n + 2 na dpygym geodesuHCCKyw d-mnauh MGAMcmcM npo- 
enmuBHUM npeo6pa3oeaHueM omnocumeAhHO KanoHuuecKux npoenmue- 
Hux cmpyKmyp. 

TeopeMa [4] bjicmct 6ojiee CHjibHyio TeopcMy THna FpoHBajijia. 

TeopeMa 8. Omo6paotceHue omMcncHHUx geodesuHCCKUx d-mnaHcu 2U- 
nepnoeepxHocmeu npu d > n + 2 noAfiemcM, acfi^uHUUM omnocumcAhHO 
KanoHunecKux a(f)(f)UHHUx cmpyKmyp. 
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GEODESIC WEBS OF HYPERSURFACES 
V. V. Goldberg, V. V. Lychagin 

In the present paper we study geometric structures associated with webs of hj'persurfaces. We prove that 
with any geodesic (n + 2)-web on an n-dimensional manifold there is naturally associated a unique projective 
structure and, provided that one of web foliations is pointed, there is also associated a unique affine structure. 
The projective structure can be chosen by the claim that the leaves of all web foliations are totally geodesic, 
and the affine structure b}' an additional claim that one of web functions is affine. 

These structures allow us to determine differential invariants of geodesic webs and give geometrically clear 
answers to some classical problems of the web theory such as the web linearization and the Gronwall theorem. 
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